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BENDING OF RECTANGULAR PLNI!EE

WITH LARGE DEFLECTIONS

By Cht4.eh Wang

Von K&m&L ‘s eqwt ions for thin plates with large deflections are
solved.for the special cases of rectangular plates having ratios of length
to width of 1.~ and 2 and loaded by uniform normal pressure. The boundary
conditions me such as to approximate panels with riveted edges under
normal pressure greater than that of the surrounding panels. Center
deflections, nkmbrane stresses, and extre~-f iber bending stresses are

w given es functions of the pressure for center deflections up to twice the

—

.

thiclmess of the
with those given

.

plate. For small deflections the results ire consistent
by Timoshsnko .

INTRODUCTION

A general numrical mthod for solving Von K&m&’s equations for
thin plates with large deflections was developed in reference 1. A
square plate loaded by uniform normsl pressure with simply supported edges
was studied. The bo~y conditions approximate the case when a riveted
sheetitringer panel is under normal pressure greater than that of the
surrounding ones ●

It was subsequently decided to extend the investigatIon to rectmar
plates of various ratios of length to width. TWO special cases are studied
in this report; nemly, rectangular”p~tes for whic_hthe ratio of length
to width has the value of 1.5 or 2. (For rectangular plates having a
length equal to or greater than twice their width, experimental.evidence
(reference 2) indicates that they csn practically be ngarded as Infinitely ‘-
long.) Center deflections, membrane stresses, and extrem-fiber bending
stresses .sregiven as functions of the pressure for center deflections up

. to twice the thiclm.essof the plate. For small deflections, the repul%s
.

are consistent with those obtained by Timoshenko (reference 3).
..

. This work was conducted at Brown University under the
and with the financial assistance of the National Advisory
Aeronautics.

The author is indebted to Professor W. Prager for his

sponsorship
Committee for

kind interest. .



—

-. .,—_
.-.=--

2

a, b

h

x, y, z

u, v

w

P

SYMBOLS ● ..—
. ----- ---

length and width of plate; a, shorter side of
rectangular plate

—-.

thiclmess of plate

coordinates of a point in plate

horizontal displacements in x-end y-directions of
potits in middle-surface; nondimmsional forms are
ua/h2 and va/h2, respectively

deflection of m$dd.lesurface out of
nondimmsional form is w/h

nomsl load on plate per unit sx’ea;
is pa4/Eh4

its @itial plane;

R
.-——

nondinkmsional.form

E, w Young’s modulus and Poisson~s ratio, respectively

D flexural rigidity of plate
(.2:! .2) :“

Z12 #
V2=— —

&2+&2

—

ax’, ay’, ‘4V mmbrsne stresses in middle surface; nondimmslonsl

b /
forms am ax~a2 2, ay1a2/!E#, and T !a2 Eh2,

respectively
KY

-—

Ox”, a7”, T=” extrem+-fiber bending and shear

F

stresses; ~ox#AmensionsJ.
forms are ax’’a2/%h2, ay”a2 2, and ~

XYa P
hz,

respectively —

~x’$ CY1* Yxyf mxnbrane strains in middle surface; nondimnsionsl forms

are
/

~x~a2 h2,
b

~ la2 2
Y 9 bend 7 ‘a2

XY
2, respectively

F stress function; nondimensional.form is F/’Eh2
.
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--=%-

.—.--
--

:
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A, A2, . ..An.

4Y %

.

.

first-, second-, . . . and
respectively

first+rder differences in
res~ctively

FUNDAMEwm

The defomation of a thin plate,

3

nttirder differences,

x- and y-directions,

EQUATIONS

the deflections of which em large
in comparison with its thiclmess but-are stiKl small as compared with the
other dimensions, is governed by Von K&rm6n’s equations:

- T

}

(1)

Eh3 >
where D = . The mdiofiber stresses are .

12(1 - W2)
-1

2

“x’ = 3 I
(2)

and the m3diofi’ber strains are
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— 2(1+W) a%

J

#=____
E axay

The extreme-fiber bending and shearing

n Eh (a2wax=-
2(1 - —IF) axa

Eh (a2wiJ’’=— ——
Y 2(1 -Ila) a<

Eh a2w
‘v” = - 2(1 -1-IL)s

stresses m

--- L- .-.-—
.._

~ 5Tl. -

..-. —

iAcA m“iio. 1462 ““ ,

.

(3)

(4)

.

.

For a riveted panel undsr normal pressure greater than that of the
surrounding panels, tbs boundary condltions are formulated in reference 1
and are as folluws:

along y=~: and

(5)

H+$ a% 7)]& E 2@.o—-—-—
y=o aca # 2ay

J

*

-..— .
—.

-:-m

—..--—
. . ..
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along any line x = Constant..

And,

w= o

?&=o
ax2

.

. along any line y = Constamt.

dx=o

J

(6)

Fw
These expressions can be made nondimensional by writing —

3W4
h%’ “

~ :@*’ 5 :s - c(;)2
in place of F, W, p, u, X, Y, md ES

respectively, where a is the smaller side of the rectangular plate.
(These latter s~bols are used to effect a reduction in the smount of
writing involved in the equations.) The resulting differential equations
csn then be transformed into finite-difference equations. In terms of
finite differences, the differential equations (1) are replaced by the
following equatioti:

~) 1A#+~2F + AY+F = AWW 2- Z$?AY%

~4w+2&+A4w~
XY

(

10.8(AZ)‘p + 10.8 AX%AY% + AY2F
Y

.

-% 2F, %
XY %) 1+%(7)
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In terms of finite differences, the boundary

‘m,k = 0

.—

(!’302~ =0
m,k

along y=+ and

tiCA’TN HO. 14&-” .. . .—
-..

which vslue is characte~ .

.
....=-—

conditions are
r.-

I
%[
“ A# - WAy% - *&)qi,:=0
n=

J

(8)

points along the center
tbs lin(9 x = constant

boundary conditions,are

.

where L1 = k denotes points along the edges y = ~ ~, n = O denotes

.. -.—~—.—.—

lines y = O, and m = i denotes any oint along .
in the plate. 1similarly, along x = L *, the

‘k,n = 0

(% )
%

k,n =

.

0 1
&* - Mj3’)k,n=0

.. “1 (9)

where m = k denotes points along the edges x = L ~, m = O denotes

points elong the center line x = O @ n = i denotes any point along
thellne y= Constant in the plate.

.

. .—
.-—

,.:.. .=-.

.,--.-
—
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The normal median-fiber stresses are

and the extrem-fiber

=x”

‘Y”

., 4* 1=—x(A2)2

bending stresses are

1=-

1

(&w+! J.6/$ .
2(1 - W2)(AZ)2

7

(lo)

1=-
2(1 - V2)(A2)2

RECTANGULAR PIATE WITH IENGTHWIDI!H RATIO OF 1.~

UNDER UN31?ORMNORMAL PRESSURE

The plate is divided into 24 square mshes. (See fig. 1.) The
points 2!, 5\, 8~, 9?, lot, 11!, and XL” are fictitious points outside
the plate in order to make possible a better approximation to the boundary
conditions. Shoe the plate is symmetrical with respect to the center
lines, only one~uarter of the plate needs to be considered. In order to
get satisfactory results in the subsequent comptiations, it is convenient
to use a number of figures beyond those normally considered justifiable
in view of the precision of the basic data.
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With 1.L2= 0.1 or v =().316228, t“hecofipatibility‘equafxkms
become

20F0 - 16F1 i-2F2 - 16F3 + 8F4 + 2F6 = K.

~Fo + 2111 -8F2 +-4F3 -16F4+ 4F5 + ~~ +F2, ”=IK1

4FO+4F1+ 2U?3-16F4+2F5-8F6 +4F7+F9=K3

1462 .

.

2!?0-83?3-+ 2F~-8F3+ 2~4-8F5+2F6 ‘~7+~8+F~+F51=K4

FO - 8F3 + 4F4 + 20F6 - 16F7 + 2F8 – ~9 + 4F10 + FgI = ~

F1 + =3 -8Fh+2F5 ‘8F6+2~7-8F8+2F9 I-8F10+!mll+F8, +-FIO, = ~

where ~, Kl, ‘3’ ‘4s K6~ - J-$ me equal to
[(=”)2 - +%&;j “2)at IKZLIItS O, 1, 3, 4, 6, and 7, respectively.

The equllibrimn equations axe

--
2ow~ – 16w1 -

[(
16W3+2W2+ 8W4+*6= P’+ 10.8 a’02w3- 2WJ

( )
+ p’. !2Wl-?WO -*’o@ ‘Wo –W1 - ‘3]

S(21wl -8W”0 -8W2 -16W4 + 4W3 + 4“3 + 2WT +W2v = P’ + ~o”8 U’1 2w&- 2W1)

(
+ pll V2

)
-2W1+W0

( )1–2Y’1w5+wl-w2–w4

21W – 8%0 – l$y~ -
[(

8w6+4wl +%5+4”7+w9= p’+ 10.8a’ 3w6–*3+w0
3

)]+ ~’3@4 - *3) – 27’3&7 + w3 - w~- Y6

ZW4 + &r. –8W1+2W2-8W3-8W3 – 8W7 + 2W6 .+2’W8+“10 + W5’ = p’

+ 10.8 :14(w7 - 2W4+

20W6 + W~ – 8W3 + 4W4.-

[(
+ 10.8 a’6 TT3- 2W6 +

2J-w7+wp%3-b4+

WI) + B‘4~5 --2”4 +w3)- 2,,& +.&-w, - Wo]

16W7 – 8W9 + 2W8 +4w10 + W9, = P’

W9) + ~’6(~7 – 2W6) – 27’6&0 + ‘6 – ‘7 - ‘9)]

2wy - &?6 ‘8W8 +*9 – ~~o + *U +-W81 + w~o~ = ~

[(+ 10”8 a’7 ‘lo - 2W7+ w~) + P’7~8
-%7 + ‘d-27’fill + ‘7-w8-w’i

(13)

.=

.

.

.

.

——
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. where p? = 12(1 - W2)(AZ)4p = 0.04~875p since Al = ~, and at, $’,

and7fare4a, fyFsma A# at the points indicated by the

subscripts, respectively.

The conditions for zero edge displacements are

( )( )(
2F3-2F0 -O F1-mo + 4F4-

‘J - “(%

---1

- ‘1+ ‘o) + (=5 -%

(
-vF1 )%--2F2 + F2? =

(F3 -2F6+F9
)(

-w F7- 2@ + (=4 - ‘7 + ‘lo) - ~(m6 - ‘7 + ‘8)

.

(
+F

)(
-2F8+FU - v Fe!

)
=0-2F8+F7 3

( 1al - ‘o) - ‘(:S - ‘o)+ (4F4 - %) - ‘(mo - ‘3+ ‘6)+ (4F7 - ‘6) ’14)

(-1.1a?3 )(‘@6+2F9 ‘+ %0 -VF6
-=9) ( -=9+ F9’)=S4

(F2 - ml + To) - v(~b - 2F1) + (’5 - @h + 2F3) - ~(~1 - 4F4 + ~7)

(
+2F- 8 ‘~ + =6)- P@4 - ‘7 + ‘lo) + @ - ‘1O + ‘9)

where

s.=f2 -Q2 + & -%)2
S2 = ~, --W,)2 + ~’ - WJ2

s,= ~8 ‘W7)2 + ~7 ‘W6)’

—.

‘~= ~g ‘W6)2 + @6 - ‘$2 + ~~ ‘We)’

(S5 = Wlo - W7)2 + (W7 -W4)2 + &4 -@2
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The bmdexy cmdltions -

.

KACA ~ ~0. 1462

-.—.-—

.
—

.-
.

. .=
.- ‘ -x——

‘2 =0, w
5
=0, w

8
=0, W9=0, W10=OSW11= o

Wf=a+wl. o
2 2,

~l_~+w=o
5 54

%@ -2W8+W7=0

Wf-%?w+w=o
9 96

Wlof - %0 + ‘7
=0

. ..--—

-—

-----E

.—
.==

-.
.

.
—

-.

F9, - !ZF9+ F6
( )

-~alo-m9 ‘o

Flot
( )

-2F10, +F7-v F11-2F10+F9 =0

How the boundaryaalue problem
the valu9s of F’ to within an
of ths constant is irrelevant,

On ccmibi~ the boundary
the final equaticms are

aetermirws the values of w uniquely and
—

Unlmown Conh!ult. Since the actual value
it may be defirwd by lettl~ Fll = O.

conditions with equa~ions (12), (13), und (14),

.-
.

-...: .... a

—.
— A.;

-.:. -. ==.

-.

——
...-

.
..—

“*-
.— —

—
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20.% - 16Fl + 2F2 - 16F3+8Fk+2F6=Q.

- 8F0 + 2oFl - 6.632456F2 + 4F3 - 16F4 + 4.6324%F5 + 2F7 = ~

‘&O+4Fl+21F -
3

1.6F4+ 2F5 -8F6+4F7+F9=K3

‘o

1

- &?l + 2.316228F2 - 8F3 + 21Z?k- 6.632456F5 + 2F6 - 8F7 + 2.316228F8

+ ‘lo = ‘4

F. - 8F3 + 4F4 + 196- 16F7 + 2F8 - 6*632456F9 + 4.63245EZ10 = K6

F1+2F j - 8F4 + 2.316228F5 - &6 + UJF7 - 6.632456F8

-6. 632456Flo = q

-~o- 3.367544Fl - 2.432456F2 + 2F3 + 4F4 + 1.&5 =

. F. + ~~ + 0s9F2 -2F3 - 3.367544F4 -2.432456F5 +F6

F3+2F4+o*9F5-2F6- 3.367544F7 -2.432k56F8 + F9

-2FO+2F1 -4F3 +4F4 -3.367~4F6 + kF7-2.b32k56F9 + 1.8F10 = S4

F. -.2F1 +.F2 + =3 -4F4+~5 +,~6 ‘3.367544F7+ ~8 + 0.99

-2.432k~10 = 95

and
~

+ 2.316228F9

1

(15)

S1

+2F7+o.m8=s2”

+ 2F10 + Fll =
‘3
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[
m + 21.6(a’o + Bto + ,jj Wo - ~6 + ,..6($0 + ,lO]W1

-[ (
16 + ~.6 a’. + ,jj w, + (8 + ==6,’.)]+ *6 = T’

-( ) ‘o + P + ““’@” + “1 + ‘“ “ + ‘w’
8 +lo.W’l

1

. —
. -----ti..--—,:, .~

——

-.

.

- p+ !2Lqa?o+71JW4 + 2W7 = P?

-(8 + 113.& ’3)wo + 4W1 + [a+21.6@3 + N,+ 7*,] v,

-[ (
M; + 22.6 13’3+ 7’,] W, - ~+ 10.8@’3 + 2&i~ ‘, ,

( )+4+21 .67?w+w37
~=p~

.1

(16)

( )
8 + 10.tkc~4wl -

[

) El + 2@y4 ‘ P’4 + 7’4] u~8 + 10.8Bt4W3 +
‘o -

+2w6-
( )1

8 -t10.8U’b + 2#4 W7 = p’

( ) c8 + lo.~f6 w3 + ~4 + 19 + a-6~B6 + !3’6+ 7’6~ ‘6
‘o -

- ~ + 21.6(~’6+ Y’6~ ‘7 = p’

w1+2w3– 8+ uMa,~wh - (8+ 10.8S,7}6
(

+p+ ‘0’(%+ “~+ “7)]W7=2*

By follcnringt~ prooedures outlined in reference 1, equations (15) and (I-6)
can be solved simultaneously for w and F by the method of suocesalve

approximateions●

~C?T~ PIATE WTI’H_~H RATIO OF 2

.-..-—--

.. ..—
—.. .—

UNDER UXEFORM NORMAL IRE-

The late is first divided into 8 square rmshes and then into 32 sq-
msshes. ?See figs. 2 ~ 3> resPctively* J ~ ‘femiW f‘rst ‘0 ‘i% 28
points 1’, 3’s 4’~ 5T> *d 5“ are fictitious points outside the plate

order to give’a better approxhnation to the boundary conditions.
Consider

one-quarter of the plate; the compatibility equations are .

2CW0 - 16F1 - l@2+@3+~4+~18=K0 1 (17) -

20F2 - &O - l@3 - 8F4+4F1+4F 5+ F2+2F3+F4: =%

—
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where KO md. 5
em equal.to ~~w)2 -~~~~] at points O and 1,

respectively.

The equilibrium

20W0 - 16W1 “-16W2 +

equations are

[o(+2-*oj8u3+2wu +2w4=pf +16.8 at

( ) ( j+13f02wl-2wo -27’ow3+wo-wl-w2

20W2 - 8W0 - 16W
3

J3wb+4w1+ 4w5+w2+2w3,+ Wkt

= [(p’ + 10.8 ctf
2 ‘o - ‘2 + ‘4) + “2(*3 - %)

-27’
(2W5+W2-W3 1-“i)

. kwhere p’ = 12(1 - IL2)(AZ) = 0.675p since AZ

7’ are Z@, L$F, and AWF at the points

respectively.

The conditions for zero edge displace?nmts

I
2

1
= 2 and at, j3~, and

indicated by the subscripts,

m a

(‘o )( )( )(-~2+F4 -IA~3-~2 + ‘1-~3+’5 -tLF2-~3+F3i =W22
)

@l-mo)-”(m2-mo) -ato-=2+F4 ‘2:3-m2})(
}

(19
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The boundary conditions are

wl =0, W3=0, W4=0, W=0
5

Wt+w1 0 =0

‘3’+w2=0

w4,-F W2=0

F1t ( )-2F1+Fo-v~J -2F1 =0
3

F3 , -2F3+F2-v
?

-W3+F
1 )5

=0

3’4t ( )
-!2Fh+F2-0F5-2F4 =0

The problem can now be solved uniquely for the values of w and the values
Ofd to within Sn Unknawn constant. As the actual value of the constant
is Irrelevant, it may be defined by letting F5 = O.

Combined with the boundary conditions, equaticms (17), (18), and (19)
are then

la?. - 13.264912F1- 16F2+ 9.264912T3+ 2??4= K.

-Eli?.+ 4. 6y2k@,- + MiF2 -13 .264912F3-6. 63245t114= q

1

(20)

-1 ● 367541+F0- 2.53245@l -I-2??2+ 1.8F3= W02

F. + 0.91 -1. 367544F2- 2.53245@3 + F4 = W22

-2’J’Jo+2F~-
( )

3.36754~F~ + 4F3 ‘2.532456F~ = Wz ‘W. 2 + W22

[ (18 + 21.6 a’. + P*O + 7’o)]wo - ~6 + 21*6@~ + Y*())]W2 = “

}

(21)

-(8 + 10AQWO + rM + ZLLA@2 + Pt2 + 7tJJW2 = P:

.

. .7 —

-... —

-—

.—

-.

—

.

.-

.—

.

.

. ..—

.-
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Equations (20) snd.(21) CSXl
●

by the method of s’~ccessive

With the values of w

15

now be solved simultaneously for w and F
approximateions.

thus computed as a first aum?oximation. the. .
case wherein the plate is divided into 32 square meshes istnow to be

.

studied. On referring to figure 3, points 2t, ~’, 8!, 11!, 12!, 13~
14?, and 14” are again fictitious points outside the ~1.atein order
to give a better approximation to the boune”ccmditiona.

——
C!onsi&er “.

one-qumter of the

20F0 – 16F1 + S* -

-8Fo+21F1-&2+

-&Fo+4Fl+21F3-

plate; the compatibility equations are

l@3+8!?4+~6=Ko
#

4F3 - 16F4 + 4F5 +~+F2t=~
7

I-6F4+ 2F5‘-m6+4F7+F9=% —.
1

2F0 ‘&~+22?~-8F3+2~4-&5 +2F6- ‘7+m8+F~0+F5t=K4
.1

.

‘o –8F3 + 4F~

. F1+=3-8F4

‘3 ‘@6+ 4F7

F~+ 2F6-.Np.

+ 20F6 - @7 + 2F8 - @9 + 4F10 + F12 = K6

.+ 2F
5

-8F6+21F7-,8F8 +m9-8F10 +2F11+F13+F8, =F$

+ 20F -
9

16F10 + ‘2?11– 8F12 + M
13 + ’12’ = ‘9

.1

.

Lwhere K . ~~w)2 -
1

AX%AY% at the points indicated by the

(22)

subscripts.



16 NACA TN NO. 1462

The equilibrium equations are w

20W0 -

+

-8w0 +

+

AWO +

+

WI -
p )16w3+8w4+ 2w2+~6=pf+ lo.8afo2w3-~o

13fo(?wl - 2WO)- E?7’o(frk - WI - W3 + W.

21wl -8w2+4w3- 16W4 + 4W5 + -7 + vat .P( +m.8~Jiwpwl)

($’1 W2
) (

-2w1+wo-2yf1w5 -w- Wh+w
2 ]1

[(
4W1+21W3- 16Wh+2W5-8W6+ 4w7+w9= P~+10.8a13wo-~3 +W

—

6)

“3(!4 --3) -2’’3t7-w4 ‘W6 + ‘3j

‘o -8W1+2W2 ‘8w3+fi?&4 -&5+ 2w6-8w7+a8 +Wlo

+ ‘r5’ [(
= pf + 20.8 af

4 ‘7 -%4+w9+’’@--4+w3

(
*Y*4 w8-w5 -W

7 + q

‘o ‘&3+ 4w4+20w6-1t%7+2w8- 8W9+4.Wlo+w12

[(= p’ + 10.8 a’6 ‘3 - 2W6 + ij+6f6(*7-‘6)

W1+2W
3
-8W4+2W5 -&6+21w -&8+2w9 -&lo

7

+ z!!
11 + ’13 + ‘8f [(

= pf + 10.8 at7 ‘4 )- ‘7 + ‘lo

+ $! c7 ‘8
]- *7 + ‘6) - 27’7~11 -‘8 - ‘lo + ‘7

‘3
- &?6 + 4W7 + 20W - 16W10 + 2W11 - 8w2 + 4W13 + w12f = pf

9

[(
i- 10.8u’_9w6 ) ( ]-*$I + ’12 - 27r9w13 -WI()-W12 + W9

W+2W
46

-8W7+2W8 - 8W9 + 21W10 -“8wll + 2w2 - &?13 + 2W14 + Wll, + w~~t

= [(p! + ICI.8a’10 W7 - 2W10 + w13)
+ p’

(10’11 - *1O + ‘9)

( j- ayf10’14-’11-’13 + ‘lo
--

—

—.
.-

. .
—

,

,

.

.

—-

(23)



. NACA TN No. 1462 17

where p’. = 12(1- IL2)(AZ)4p = 0.0k~875p since AZ = & and a?, 13S,

d Yf are ~~, Ay%’, and A& at the points indicated by the

subscripts, respectively.

The conditions for zeroedge displacemmtsare

( )‘3-% -W %-=0 ‘4F4-4Fl - qF2
)

-2Fl+Fo +2F5-2F
2

‘o - =3

+

‘3 - ‘6

+

‘6 - ‘9

+

(-WI?’
Zt )-2F2+F1 =

+ F6
( )

-w2F4-2T3 +2F1-4Fb

(
F
2 )(
-2F5+F8 -.H5,- =5+

+F
(

-W2F7-
)

-43!’2F~+2F4 7
9

( ‘5 )(
- 2F8 + Fll -vF -2F +

78

%

+2F
7 (
-2w F3 -2F4+F

)5

)‘4=S2 -

+ %0 (
-2v F6 -2F7+F

)8

)’81 = ‘~

+ ’12 ( )
-V2F10-2F9 +2P’

7 ( )-%0+ =13- *F9-%O+F11

( )
F8-2Fu+F14-v F10-2FU+FU, =S4

( )%-wo-~m3-=o +4F-4F
43 (

-2v F0
)

-ZY3+F6 +4F -4F6
7

t
-m s

)
-2F6+F9 +4?F-4F

10 9 (
-21.LF6

)- ‘9 + ’12
+ =13 - %2

(
-vF

)-’12 + ’12f = ‘5

‘2 -2F1+F0
-“(?’4-~J +2F5-4F4+2F3-%? l-=4+F7)+=@7

(

.
+2F 6 ) ( )

-2v F4-2FT+F10 +2Fu-kF10+ 2F9-~F7-~lo +F13

. where ‘%

anasd.

+ ’14 ( )
- 2F13 + F12 - V Flo - =13 + ’13? = ‘6

k-1 J
=
%( ‘m+l,n - ‘m,n)

2fori=l,2; 3,4
m

..-

%( )
2

‘m,n+l- ‘m,n for j = 5, 6
n-
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The boundaryconditionssz%

. .a

WCA ~ HO, 1462 . ‘--

‘2
=0, w5=0, w8=0, w~~=0, w12=o, w13=o, w2k=o

w2f -2W2+W1=0

wt
5

-2W+W=0
5k

-2W+W=0’89 8 ~

w~t-~u+wlo=o

’12~ ‘*12+ w9=0

W13f -%3+wlo=0

‘1 ( )
-2F2+F2t-UF5-2F2 =0

‘4 (
-~5+F5~-MF2- 2F5+F$=0

‘7
- =8 + F8~

(
-vF

5
-2F8+F1

J
=0

‘lo (- %1 + ‘llt - v ‘8

‘9 - %2 + ’12f (
- IJ2F13

‘lo (- ‘%3 + %3? - v ~lk

)-2F11+F14 ‘O

)-=12 ‘0

)
-gq13+F12 =0

.-.

.—

..——

The problem csn now be solved uniquely again for the values for w snd the
values of f to within an unlmown constsnt. As the actual value of the
constant is irrelevant, it may be defined by letting F14 = O. .

On ccunbiningwith the boundary conditions, equations (22), (23),snd (24J
are then . —.
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.

.. 7
2mo - 16F~ + 2F2 - 16F3+8F4+~6=Ko

.

-8Fo+2(lF1- 6.632456F2”+ 4F3 - 16F4 + 4.632456F5 + =7 = K1

-8FO+kFl +2m3-16F4+n5- 8F6+4F7+F9=K3

‘o - 8F1 + 2.316228F2- 8F3 + 2J.F4- 6.632456F5 + 2F6 - 8F7 + 2.316228F

+ Flo = K4

F. -~3+kFb +20F6-l@7+~~- 8F9+4F10+F12=K6

Fl+ZT3- 8Fk + 2.316228F3 - 8F6 + 20F7 -6. 632456E8 + 2F9 - 8F10

+ 2.316228FU + F13 = K7

- 8@6 + 4F7 + ~~9 - I@lo + ~U - 6.63245@12 + 4.632456F13 = Kg
‘3 (25)
Fk + 2?6 - 8F7 + 2.316228F8 - 8F9 + l$ll?lo- 6.632456F11 + 2.31~228F12

4. 63245@13 = ~.

-2F0 - 3.3675k@l – 2.43245@2 + 2F3 + 4Fk + 1.8F5 = “Sl
.

FO + 2F1 + Q~2 - 2F3 - 3.36745@k - 2.43245@5 +

F3 + =4 +Q9F5 - =6 -3 .367456F7 -2. k32456F8 +

F6 + 2F7 i- ~98 - “2F9 -3. 36745&10 -2. 43245@u

-2?0 + 23?1- kF3 + 4Fh - ti6 + 4F7 -3. 367544F9 +

+ 1.8F =s
13 5

‘o -2F1+F2+ =3-4F4+2F5+ 2F6-4F7+~8

+2F -2. 432544F13 = S6
11 + O.wlp

F6 + 2T7 + o.gF8 = S2

Fg +%glo + 0“9F11 = S3
—

+ F12 + Z!F13= Sh

4F10 - 2. 432456F12

+2F
9

-3. 367544F1o .

I

.

.
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m-d

L (20 + 21.6 CLtC + Bf ~ -I-~t~ W. - ~ -I- 2,.6(P’0 - ,to’jl Wl

-[ (
16 + 21.6 a?. +“y~0)]W3 + @ + ~o.%’o)wk + 2W6= p,

(-8: ‘0”8p’$ ““ + p + 21”6P’1 ‘ ‘f, + 7’J ‘1 + ‘W3

-[

—

( )116 + 21..6a*l + yrl
‘4.+ ‘7 = “

( ) L
-8+ 10.8a’3 Wo+ 4W1 + 21 + 21.6 cz’3 ~ ~’Ij i 783

( 1 ‘3

i-w
9 = Pt( )+ 4+ 21.67’3 W7

2W* -
(
8+10.&qwl-, 8+

+ 2W6”- ~! .o.&4

W. - (8 + 10. &t,’6)w3 +. bll +

-[ (16 + 21.6 S’6.+71. 6]

10*8”’J‘3 + [
U + 2L6(atk + @’h + 7’4~ WA

1
+ 2784 WT +Wlo = p’

[ (,2o + ~.6ut4 -I-B8
)j

4 + Y’k ‘6

‘7 [ ( 1
- 8+ 10.8 a’6+ 27S6 W9

—

+- (4 + .21.67’JW10 = p’
-u -

—.—

.

.

(26)

‘1 + ~3 (
- 3+ ~0.~7)wk - (8+ 10.8B17)W6 + ~ + P~.6~f7 + :87 + Y87~w7

+2w-
9 (

8+ 10;8a87+ 2yt

(

“J ‘lo = Pt

- 8+ ~o-.&c:9)w6+ hW7+ ~9 + 21.6@t9 + fY9+ 7’9 W9
‘3

-[

)]

( Jj
16 + ~J”:”6Rio + ~?.

‘lo = p’

+ *g *’”(8’+ ~o,&t ‘

.-

~l;
)

~ ,-
( )
8+ 10.813’10 Wg

10 7

c (
+ 19 + 21.6 atlo + BY

10 ]+ 7’10 ‘lo=pt
By the method of successive approximations, equatio~ (~~ and (26) can be
solved simulteneou.slyfor values of w and l?.

—

.

*

—

.

-—
.

-.

. ... .u
-.

-=.:.. ,.=.—
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RESIJIICSANI.llISCUSSION

The bending problem of rectangular plates under uniform normal
pressure with simply supported edges is studte~ by finite-difference
approximatias. The difference equations are solved %y the method of
successive approximation. The case of a square plate is studied in
reference 1. In the present report, the computations are extended to
rectangular plates with ratios of length to width of 1.5 or 2. Experi-
mental work (reference 2) indicates that a rectangular plate having a
length equal to twice its width may be regarded practically as en
i@nitely long plate. The
pa4
— = 250, which gives the

Eh4

maximum normal pressure calculated is

center deflections about twice the thickness

of the plate. .

The deflections at various points in the plate under different
pressure ratios are tabulated in tables 1, 2, end 3. The center deflec-
tions are plotted against the normal pressure ratio in figures h and ~.
The ~mbrane stresses in the centers of the plates sad at the centers of
the edges are tabulated in tables 4, 5, end 6 end are plotted in figures
and 7. The bending and total stresses at the centers of the plates are
tabulated in tables 7 and 8 and are plotted in figures 8 and 9.

6

—

As indicated in reference 1, the plate should be designed for strength
on the basis of clamped edges and for maximum deflection or washboarding
according to the boundary conditions such as formulated in the present
report. The finite-llfference equations give the values of deflections
with good approximations, whereas the stresses, which are obtained by a
second-order numrical differentiation, are always less accurate.

Brown University
Providence, R. 1.

November 4, 1946
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TABLEl

CENTER.DEFLECTIONS

W./h

pa4 ~ -b-=1.5 ;.Az=~ :=2;A2=: ~=2;A2=~
~ a

o 0 0 0

M.~ . 62kg .7322 .6958

25 .8790 1.002 .9G3

!N l.1~ 1.323 1.241

75 1.374 1. ;42 1.440

100 1.528 1.713 1.596

lW 1.769 ~. 982 1.840

200 1.957 2.194 2.033

2yl 2.115 2.372 2.~96

.

.
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TABLE 2

DEFIM?TIONM! VARIOUSP031?!PS
.-

W.

r ‘6
G-

WI

K-

0

.6249

.8790

l.1~

1.374

1.528

1.769

1.957

2.u5

o

.4526

.6398

.8606

l.oog

1.125

1.306

1. M9

1.569

0

.5627

● 7993

1.080

1.269

1.416

1.646

1.827

1.977

0

● 4077

.5818

.7902

.9314

1.042

1.215

1.350

1.465

0

.3563

.5180

.7168

98537

.9613

1.130

1.263

1.375

0

.2582

● 3750

.5183

.6167

.6942

.8~40

.991

●m

.

.

.

.

.-
-. —
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TABLE 3

DEFECTIONS AT VARIOUS POINJ?S

.

“4

>

0

12.5

25

50

75

100

Vjo

200

250

Wo

K-

0

.6958

.9463

1.241

1.440

1.596

1.840

2.033

2’.196

‘1
T

o

.5025

.6868

.905?

1.054

1.17’I.

1.355

1.500

1.621

o

.6707

.g201

1.215

1.414

1.569

1.813

2.004.

2.166

W4

E-

0

.4847

.6682

.8870

1.036

1.152

1.335

1. k79

1.600

o

● 5749

.8Q74

1.087

1.277

1.426

1.658

1.840

1.994

‘7 >
ii h.

o

.4159

.5867

.7940

●9354

1.046

1.220

1.356

1.471

0

.3585

.5184

● V79

.8558

.96&6

1.135

1.269

1.383

25

-. . ..

,, ,.l.

’10
—----
h.

0,.

.2590

.3745

,5179

.6164

.6938

.8146

● 9Q97

.9889

=s= .....-=...

.

.

... . .
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o

12.5

25

50

75

100

l~o

250

o

1.064

2.109

3.783

5.176

6.43.0

8.603

10. pp

12.34

T!KOlx 4a

MmmRMmSrR?Kms

o

●6W

1.213

2.202

3.039

3.784

5.110

6.292

7*375

= 1.5;

o

l.o~

2.150

3**3

5.381

6.69k

9.037

32..13

13.04

E#

o

● 3389

.6799

1.234

1.702

2.u7

2.858

3.518

4.125

.,

o

.2316

.4775

.8930

1.251

1.374

2.154

2.673

‘3,153

o

.7325

1.510

2.824

3 ● 953

4.977

6.811

8.452

9.972

..- .-—
--
. -.:.. *
. m

ii ; “___—

-s -..?. -T. - --

-.. —

.

aSubsaript O denotesthe amter of the plate; eubsaript 1 denotes

the oenter of the sides x = ~ ~; and eubsoript2 denotesthe

. . ----

. .

—

. . . . . .==.: +——
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.

.

o

12.5

25

50

75

100

150

200

250

~2

-

0

1.149

2.132

3.692

4.995

6.156

8.=8

10.06

11. ~

TABLE 5a

MM5RANE SFRMEEs

[

I)*-=;
1

Az. ;
a

“Yoa2
J@

o

.633Q

1.201

2.lig

2.893

3.585

4.816

5.916 -

6.928

o

1 ● 115

2.103

“3.690

5.024

6.zL5

8.332 .

10.22

11.96

c)

..3525

.6652

1.167

1*589

1.965

2.635

3.233-

3.782

2at
x2a

Eh2

o

● 1897

.3751

.6821

.9437

1.178

1.597

1.971.

2.316

o

*5998

1.186

2.157

2.984

3.726

5.049

6.234

7.324

aSubscript O denotes the center of the plate; subscript 1 denotes

tti”center of.the sides x.=’~ ~; and subscript
+~center of the sides y = - a.

..

2 denotes the

.-
.

. ,.C+*r.. ,
., .
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20

o

12.5

2’5

50

75

100

150

250

o

1.293

2.403

4.155

5.612

6.9=

9.220

11.28

13.16

TABLE 6?

MmBRME mREssEs

o

.5k21

1.035

1.827

2.496

3.094

4.160

5.111

5.989

o

1.298

2.441

4.264

5.788

7.149

9.570

11.72

13.70

o

.4106

.~8

1.349

1.830

2.261

3.026

3.707

4.334

o

.2372

.4718

.8730

1.220

1.534

2.100

2.606

3.076

o

.7500

1.492

2.761

3.859

4.&2

6.640

8.240

9.728

...=... ...... _.:=.-
.—._. . ..—

.
—
.-

-—

a
SubsoriptO denotesthe oenterof the plate;subscript1 denotes

the oenterof the aides x x ~ ~; and subscript2 denotesthe

----
.

.—

. .:.’------ *:-mm
-- --9?
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.

o

12.5

23

50

75

100

150

250

%2
Eh2

o

3.413

4.700

6.137

7.072

7.813

8.909

9 ● 770

10.49 ‘

i

*

o

2.075

2.761

3.476

3.914

4.260

4.777

5.177

5.519

0

4.477

6.809

9.920

12.25

14.22

17.51

20.32.

22.83

29

SFRESSES AT CENTER a? PIATE

“’ha
~h2

o

2.680

3.974

5.679

6.953

8.044

9.887

11.47

12.89

aSubscript O denotes the center of the plate. ~
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o

12.7

25

50

75

100

1P

200

250

TABLE 8a

~IBER BENDINGAND TOTAL

SI!RESSESAT CEHTER CT PIA!TE

%oa2
~~2

Al=;

o

3● 577

4.761

6.108

7.005

7.703

8.792

9.651

10.39

[

b;-=
8.

%@a2
Eh2

o

1.588

2.069

2.625

3.003

3.300

3.767

4.138

4,I!52

+

o

1.532

1.92P

2.349

2.637

2.864

3.224

3.519

3.766

AZ=;

o

4.580

6.795

9.814

12.1.1

14.05

17.34

20.14

22.64

o

4.871

7.164

10.26

12.62

14.61

18.01

20.93

23.55

Al=:

o

2.221

3.271

4.-’745

5.896

6.885

8.583

10,05

11.38

FL

subscript O denotes the oenter of the plate. ~

o

2.074

2.960

4.176

5.133

5.957

7.385

8.630

9.755

.

-.. --

—
.

.—

... -

—
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